Newington College Mathematics Extension 2 Trial HSC 2005

Total Marks— 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet. Marks
(@  Uselntegration by partsto find JAxe‘3X dx 2
2
(b) Use the substitution x = %sina to prove that J'O3 VA-9x%dx = % 3
(© Use the table of standard integralsto help evaluate JL 2
VX% —4x+29
6
(d)  Evauatethat I 2t 4
a (t=1)(t-3)

(6  Usethesubstitution t = tang to show that

2
_[—dx :Etan‘ll 4
v ot4cosx 3 3
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Question 2 (15 marks) Use a SEPARATE writing booklet. Marks

(@ For the complex number z=1— NEW express each of the following in the form
a+bi , ( ab arereal numbers).

(i)
(i)
(iii)

Nl N NI
N

) fz=1-2; z,=2+i and z="> find:-
22

DR E:
i) agl2)

(c)  Provethat |z|2 =zz for all complex numbers z.
(d) If w isacomplex cube root of unity,

(i) Write down thevalue of 1+ w+ @’ .

(i) Simplify o' +@° +a°.

(e Sketch on an Argand diagram the region in which z lies, showing all important

features where 2<|7 <3 and %< arg(z—1i) <% :

() P, and P, are points representing the complex numbers z, and z, on an Argand
diagram. If OR,P, isanisoscelestriangle and angle P,OP, isa right-angle,
show that z,° + z,° =0.
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Question 3 (15 marks) Use a SEPARATE writing booklet. Marks
2
(@ The diagram below shows the graph of the function y = f (x) where f(x) = 12.+ Xg .
X p—
S e (C
«- & J __________ 1o L ......................... >
| | x

Draw a separate sketch of each of the following graphs.

Use about one third of a page for each graph. Show all significant features.

@) y=[fOI 2

.. 1

I =— 2

(i) y (9

(i) y=f'(x) 2

(iv) Draw y=f(x) andy=,/f (x) onthe same number plane. 2

M [yl=f(x 2
(b) For the curve defined by 3x* + y* — 2xy —8x + 2 =0,

i)  showtha & = H=y=4 2
dx X—y
(i) Find the coordinates of the points on the curve where the tangent to 3

the curveisparald totheline y = 2x.
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Question 4 (15 marks) Use a SEPARATE writing booklet. Marks

@

(b)

(©

The equation x* +2x* +bx-16=0 hasroots o, and ¥ such
that off = 4.

()  Showthat b=-20. 2

(i)  Find the equation with roots given by «?, 3% and »° 2

Consider the polynomial P(x) = (x—a)*.Q(X),

where Q(X) isalso apolynomial and « isarea zero of P(X).

()  Showtha P(@)=P'(a)=P"(a)=0 2

(i) Hence or otherwise, solve the equation
8x* — 25x° + 27x* —11x+1=0

given that it has atriple root. 2

(i) Show that the solutions of z° + Z* +1= 0 are contained in the solutions of 2
2 -1=0.

(ii) Sketch the nine solutionsof z° —1= 0 on an Argand Diagram. 2

(about onethird of apagein size)

(iii) Mark clearly on your diagram, the six roots z,,z,,2, z,,%, z 4
of 22 +2°+1=0.

(iv) Show that the sum of the six roots of z° + Zz* +1= 0can be given by 2

( 2 A 7[)
2| cOS— + COS— — COS—
9 9
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Question 5 (15 marks) Use a SEPARATE writing booklet.

@

(b)

2 2

y

For the curve with Cartesian equation LA A 1,

(i)
(ii)
(iii)

find the eccentricity and the coordinates of afocus
find the equation of the corresponding directrix
hence write down the coordinates of a focus and the equation of the

corresponding directrix for the curve with the Cartesian equation
2 2
N A
4 9

2 2

Let P(4secd,3tand) be any point on the hyperbola % Y 1.

(i)

(ii)

(iii)

9
Derive the equations of the tangent and normal at P and show that
they are respectively:

3xsecd —4ytand =12 and 4xtan + 3ysecd = 25secd tanf

The tangent and normal at P meet the y—axis at T and N respectively.

Show that

T =(0,—3cotd) and N = (O,%tane).

Show that the circle with diameter NT passes through afocus.

Marks
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Question 6 (15 marks) Use a SEPARATE writing booklet. Marks
@
< %+ > y= 1
n T X
2
y=sfix
- 14

Theareadefined by y>sinx, 0< XS% and 0< y <1 isrotated about the

straight liney = 1.

0] Copy the diagram above into your writing booklet and shade in the 1
region defined by the simultaneous inequalitiesy > sinx, 0< x S%
and 0<y<1.

(i) Find the total volume of the solid formed, by taking dlices 3

perpendicular to the axis of rotation.

X2

2
(b) The horizontal base of asolid is an ellipse defined by the equation ¥+§=1. 5

Vertical cross-sections taken perpendicular to they axis are squares
with one sidein the horizontal base of the solid.

Find the volume of the solid formed in terms of a and b.

Question 6 continues on the next page ...
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Question 6 continued ... Marks

2

(© The region bounded by the curvey = ,thexaxisand0< x<2,is

X2 +1
rotated about thelinex = 4 to form a solid.

2

y_x2+1 A

0] Using the method of cylindrical shells, explain why the volume 6V
of a typical shell distant x units from the origin and with thickness dx
IS given by

av=27z(4-x)(1_ 1 Zjéx.
1+ x

(i) Hence, find the total volume of the solid formed.
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Question 7 (15 marks) Use a SEPARATE writing booklet. Marks

@

(b)

A particle of massmis set in motion with speed u. Subsequently the only 5
force acting upon the particle directly opposes its motion and is of magnitude
mk(1 + v?) where k is a constant and v isits speed at timet.

(i) Show that the particle is brought to rest after atime% tan'u .

(i) Find an expression for the distance travelled by the particle in this time.

A smooth circular cone, with its vertex up, and its axis
vertical, has a semi-vertex angle of 60°. A particle of mass
1 kg is attached by alight inelastic string from a point
vertically above the vertex of the cone, and moves with
constant speed v m/ s on the outer surface of the conein a
horizontal circle of radius 0.5 m. The string makes an angle
of 30° with the vertical. Let the magnitude of the tension in
the string be T newton, and let the magnitude of the reaction
of the cone on the particle be R newton.

(1) Draw a diagram showing the forces acting on the particle, and the 2
magnitude of the angles made by these forces with the vertical.

(i) By resolving forces in two directions write down equations of motion 2
for the particle.
(i)  If v=1,find thevalue of T and R correct to two decimal places. 2

(iv)  Find the maximum value of v in order that the particle remainsin contact 2
with the cone.

(v) Deduce the maximum value that T can take if the particleisto remainin 2
contact with the cone.
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Question 8 (15 marks) Use a SEPARATE writing booklet. Marks

@

The above diagram shows a triangle ABC inscribed in a circle with D a point on the arc BC.
DE is perpendicular to AC produced, DF is perpendicular to BC and DG is perpendicular to
AB.

Copy or trace this diagram into your writing booklet.

0] Explain why DECF and DFGB are cyclic quadrilaterals. 2

(i) Show that the points E, F and G are collinear. 3

Question 8 continues on the next page...
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Question 8 continued...

Marks
3 2
(b) 0] Evaluatej tanx dx.
0
(i) If In:j4tan“x dx,n=0,1,23,...,showthatforn= 2, 3,4, ... 3
0
1
| =— — |
n n—l n-2
(iii) Hence, evaluate |. 5
(©) If P(x) = x"(b" —c") +b™(c" - x") + c"(X" - b") wheremand n are
positive integers, show that x* — (b + ¢)x + bc isafactor of P(x). 3
End of paper

-10-
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